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ABSTRACT 

Let L/K  be a finite Galois p-extension of algebraic function fields of one 
variable over an algebraically closed field k of characteristic p, with Ga- 
lois group G = Gal(L/K). The space ~ ( 0 )  of semisimple holomorphic 
differentials of L is the k-vector space of holomorphic differentials which 
are fixed by the Cartier operator. We obtain the isomorphism classes and 
multiplicities of the summands in a Krull-Schmidt decomposition of the 
k[G]-module 12~(0) into a direct sum of indecomposable k[G]-modules. 

1. In troduct ion  

Let L be an algebraic funct ion field in one variable over an algebraically closed 

cons tan t  field k. The  space ~L(0) of holomorphic differentials of L forms a 

k-vector space of d imens ion  gL, the genus of L. Let G be a finite group of 

au tomorph i sms  of L / k .  There is a na tu ra l  action of G on 12L(0). Therefore, 
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~'~L(0) has structure of k[G]-module where k[G] is the group ring with coefficients 

in k. 

The problem of determining the k[G]-module structure of 12L(0) has been stud- 

ied by many authors (see [16] for more details). In the classical case, that is, when 

k is the field of complex numbers, following a suggestion of E. Hecke, Chevalley 

and Weil determined completely its structure for arbitrary G. However, if k has 

characteristic p > 0 this problem is still open. 

An explicit determination of a k[G]-module A is one which determines the 

isomorphism classes and multiplicities of the indecomposable summands in a 

decomposition of A as direct sum of indecomposable k[G]-modules. 

Assume now that  G is a finite p-subgroup of Aut(L/k), where p is an arbi- 

trary rational prime. Let K denote the field fixed by G, where k is a field of 

characteristic p. 
In this situation we are interested in f~(0) ,  the submodule of ~L(0) generated 

by the holomorphic differentials of L which are invariant under C, the Cartier 

operator. We have that  f~,(0) is isomorphic as k[G]-module to the elements of 

order dividing p of the Jacobian of a smooth curve with function field L ([11], 

Proposition 10). It is well-known that  as k-modules ~t~(0) ~ k ~L, where T L is 

the Hasse-Witt  invariant of L. 

Nakajima ([8], Theorem 2) obtained two k[G]-exact sequences which determine 

implicitly the structure as k[G]-module of f~, (0), the first one when the extension 

L/K is ramified and the second one when the extension L/K is unramified. In 

the case L/K is ramified, Nakajima established the k[G]-exact sequence 0 --+ 

f~,(0) --+ k[G] r-l+~K ~ ker ((I)) --+ 0, where v K is the Hasse-Witt invariant of 

K,  r ( ) 
i=I ~ ~ 

and GI,..., Gr are the decomposition groups of the prime divisors PI,..., Pr 

of K ramified in L. Therefore, if L/K is ramified it follows that the implicit 

structure as k[G]-module of ~ ( 0 )  is given by 

~L (O) '~ k[G]'* @ [t(ker((I))) 

where u is a nonnegative integer and f~ denotes the Heller's loop-space operation. 

We are interested in the explicit structure as k[G]-module of ~ ( 0 ) .  This 

structure is known when L/K is an unramified extension [16], when there exists 

a fully ramified prime in the extension L/K [17] and finally when there exists a 

unique maximal decomposition group and this is normal in G [17]. This problem 
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has been investigated by many authors (see [8], [121, [141, [16], and [17] for more 

details). 

In this paper we obtain unconditionally and explicitly the Galois module struc- 

ture of t2~(0) (Theorem 1). The work of A. Weiss on indecomposable modules 

for finite p-groups is crucial in the proof of the main result of this paper. 

2. N o t a t i o n  a n d  p r e p a r a t o r y  resul t s  

In this paper p will denote an arbitrary rational prime number and G a finite 

p-group. 
n 

We will denote the disjoint union of the sets X 1 , . . . , X ~  by ~Ji=l Xi, N := 

{1,2,3, . . .} ,  No := N 0 {0}. For an arbitrary field k we have that  if M is a 

finitely generated k[G]-module, then M is a projective k[G]-module if and only 

if M is an injective k[G]-module. 

For a k[G]-module M, we denote by M G := {m �9 M: g m =  m for all g �9 G} 

and we define the map Af: M -+ M by 

@i=1 Mi Any non-zero k[G]-module M can be written as a direct sum M = 8 

in terms of indecomposable k[G]-modules Mi. By the Krull-Schmidt-Azumaya 

Theorem ([3], Theorem 6.12), the components Mi's are uniquely determined up 

to isomorphism. 

If F is a field and X is a finite set, we set _~ := ~ z e x  x �9 F[X]. 

PROPOSITION 1: Let G be a finite p-group and H1, . . . ,Hr subgroups of G. We 
r 

consider the natural action of G o n  the set S : =  ~Ji=l G/Hi.  Then, as k[G]- 

modules, 

(1) 

where 

Proo~ 

a 1 6 G / H 1  

k[G/Hi] k[S] 
i = l  ,.~ 

ke* kS  

Z aor �9 k[a/Hil: a �9 k . 
a~6G/H~ "= 

We consider the k[G]-isomorphism 

r k[G / Hd] ~ k[~_J G/Hi] 
i = 1  i = 1  
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given by 

r  a'~ aala l , ' " ,  E aa, .ar))----~-~ E acr~ai. 
H a r c G / H r  i = 1  a, EG/HI  al~ / 1 

r r Then, as k[Gl-modules, (~i=1 k[G/Hi] TM k[~i= 1 G/Hi]. The result follows. 
| 

Let P be a k[G]-module. We write P = p(0) | p(1) where p(0) is k[G]- 

injective and p(1) does not have injective k[G]-components. For a k[G]-exact 

sequence 0 --+ M --+ Y -+ N ~ 0 with Y an injective k[G]-module, we set 

D#(M)  := N (1) and D(N) := M (1). The module ~ #  (M) is called the dua l  o f  

t h e  He l l e r ' s  l oop - space  o p e r a t i o n  of  M and f~ (N) is called the He l l e r ' s  

l o o p - s p a c e  o p e r a t i o n  of  N. 

PROPOSITION 2: Let k be a field and let G be a finite p-group. Let M be a 

finitely generated k[G]-module such that M ~- M (1). Then 

(a) a (a# (M)) M as k[al-modules. 
(b) ft# (f2 (M)) TM M as k[G]-modules. 

(c) If  M is an indecomposable k[G]-module, then ft # ( M) is an indecomposable 

k[G]-module. 

(d) Let k be of characteristicp and H <_ G. Then ~# (k[G/H]) is an indecom- 
posable k[G]-module and 

k[a] 
ft # (k[G/H]) k[G/H] 

as k[G]-modules. 

Proof: ([31, Propositions 78.4, 78.5 and [17]). | 

Let L/k  be a field of algebraic functions with k a perfect field of characteristic 

p. 

From ([4], Theorem 2.1) and ([7], Corollary 4.6) it follows that L/k  is a separa- 

bly generated extension. Let x be a separating element of L, that is, the extension 

L/k(x) is finite and separable. Therefore L = k(x, y) for some y E L. If y is 

not a separating element of L then yl/p is a separating element ([4], Corollary to 

Theorem 2.1), thus y 1/p* is a separating element of L where t is the inseparability 

exponent of y over k(x) and we have that L = k(x, yl/pt). 
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PROPOSITION 3: Let L / k  be a [ield of algebraic functions with k a perfect field 

of characteristic p such that x is a separating element of L. Then LP(x) /L  p is 

an inseparable extension of degree p and every element f C L can be written in 
p-1 a unique way as f = ~ i = o  ] pxi where fi C L, i C I0, p - 11. 

Proof: Since L/k (x )  is a separably generated extension, we have that  L = 

LPk(x) = LP(x). From ([7], Corollary 6.3)i t  follows that  {x} is a p-transcendence 

basis of L. From ([7], Lemma 6.4) it follows that  [LP(x) : L p] = p. The extension 

LP(x) /L  ~ is inseparable. It  follows that  every element f C L can be written 
p-1 

uniquely as f = ~ = o  f pxi where f~ e L, i e I0, p - 1]. I 

Let f C L = LP(x). We define the T a t e - t r a c e  of f by 

p--1 

S~(f)  : :  S~ Px~ = fp- l"  
i----0 

We have that  Sx is LP-linear and that  Sx( f )  1/p = fp-1. 

In the extension LP(x) /L  p we consider the formal derivation 

Dx hPx i = ~ ihPx i-1 i . 
i=l 

The k-vector space ~-~L of the differentials of L is an L-vector space and 

dimL (~L)  ~--- 1. 

Let ?7 be the unit divisor of L. We set fig(0) := {w: w E f~g and such that  7/Iw }. 

The space rE(0)  is called t h e  s p a c e  o f  h o l o m o r p h i c  d i f f e ren t i a l s  o f  L. 

Let w0 E ~-~L --  (0 ) .  Since dimE (fiE) = 1 we have that  every differential w E ~'~L 

is expressed uniquely as w = ~w0, ~ E L. Since k is a perfect field, then there 

exists a separating element x in L. We have that  dx E ~L is different from zero 

([2], Theorem 4). Therefore every differential w E fiE is expressed uniquely as 

w = f d x  for some f C L. Furthermore, from Proposition 3 it follows that  

,p--1 

i=0 

Now we consider k algebraically closed of characteristic p. We define C: flL 

f L  the Cartier operator by C(w) = fp - ldx .  

PROPOSITION 4: The Cartier operator C does not depend on the separating 

element of the field L. 
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Proos Let x, y be two separating elements of L. If 0J C I lL we have that  
p--1 w -~ fdy for some f = ~i=o ] pxi E L and w = gdx for some g C L. Therefore 

w = fdy = fD~(y)dx = gdx. Since dimL (FtL) = 1 it follows that  fD~(y) = 9. 
We have that  

S 1 
S x ( f ) =  x ( f  D~(y)p_l ) 

([13], Theorem 1). Hence, we obtain 

( 1 
C (fdy) -- fp_~dy = Sy(f)llPdy = S: fD: (y ) ,_ l  ] dy 

= S~ ( f  1 D~(y)dx = D~(y)p_l ) D~(y)P) 1/p D~(y)p_l ) 1/" (S~ ( f  1 dx 

( f D~(ylp ) 'fs> = S: \ D- -~-~ l  dx = Sx (fD~(y))llPdx = S,(g)l/Pdx 

= C (gdx). m 

Let V, W be k-vector spaces. An application r V --+ W is said to be 

p - l - l i nea r  if r satisfies r + v2) = r + r and r  = rI/Vr 
V r E k ,  V a E V .  

Since 17, the unit divisor of L, is an integral divisor it follows from ([12], Lemma 

2.1) that  the Cartier operator d is a map p-l-linear such that C: IlL(0) --+ 12L(0). 

Since k is algebraically closed we have that ([12], Theorem 2.2) IlL(0) ~ fl~,(0) G 

12~ (0), where Ft~, (0) is the subspace of semis imple  ho lomorph i c  d i f ferent ia ls  

of L and II~(0) is the subspace of n i l po t en t  holomorphic differentials of L, 

that is, fl~.(0) = {w e ~IL(0): Cm(w) = 0 for some m e N}. 

3. Semisimple holomorphie differentials 

Let k he an algebraically dosed field of characteristic p, L / K  a finite Oatois 

p-extension of algebraic function fields of one variable over k with Galois group 

G = Gal(L/K). Let x E L be a separating element. Let S := {P1, . - . ,  P~} be the 

set consisting of the prime divisors of K,  which are ramified in L/K.  For each 

i E I1, r] we choose Qi a prime divisor of L such that Qi divides to Pi. We define 

the set S := {Q1,Q2, . . . ,Qr} .  Let Gi := {a c G: Q7 = Qi} = Dec (Qi [Pi) 

be the decomposition group of the prime Qi. We have that if Q~ is any other 

prime divisor of L dividing Pi, then the group Gi = Dec (Qi I Pi) is conjugated 

to the group G* = Dec (Q* ] Pi)- Therefore we have that k[G/G,] ~ k[G/G*] as 
k[G]-modules. 
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Let a E G = Gal(L/K),  ~ E ~L. We have that w = hdx for s o m e h  C L. 

From Proposition 3 it follows that the action of G on ~ L  is given by aw = 
p-1  ~-]~i=o a(hi) pxidx" Thus, f~L is a k[G]-module, f~L(0) is a k[G]-submodule of f~L 

and ~ , ( 0 )  is a k[G]-submodule of f~L(0)- 

Nakajima ([8], Theorem 2) obtained two k[G]-exact sequences which determine 

implicitly the k[G]-module structure of ~ , (0 )  for every extension L/K .  

If the extension L / K  is unramified we have the k[G]-exact sequence 

(2) 0 k[G] Ic 0, 

where IG = ( g -  1 I g E G). 

If the extension L / K  is ramified we have the k[G]-exact sequence 

(3) 0 ----+ ~ , (0 )  > k[G] r-l+*K ~ ker (~) ~ 0, 

where the k[G]-epimorphism ~: ~i~=1 k[G/Gi] --+ k is defined by 

�9 E = E ao 
i=1 aEG/GI aEG/G~ 

From (3) it follows that ~ (ker (~)) ~ f~,(0) (1) as k[G]-modules. Since ~ , (0 )  (~ 

is a finitely generated projective k[G]-module, we have that ~t~,(0) (~ is a free k[G]- 

module. Therefore f~,(0) (~ ~ k[G] ~ for some u >_ 0. Consequently we obtain 

that 

(4) n~(0) ~ k[G] ~' �9 gt (ker (O)). 

For a k[G]-module M, we will denote by X(M)  := Homk(M,k) the contra- 
gredient of M. 

PROPOSITION 5: Let M be a finitely generated k[G]-module. Then f~# (X(M))  
~- 7~ ( f~ ( M) ) as k[G]-modules. 

Proo~ ([3], Proposition 78.4). | 

PROPOSITION 6: Let L / K  be a finite Galois p-extension of algebraic function 

fields of one variable with Galois group G = Gal(L/K) and field of constants 

an algebraically dosed field k of characteristic p. Let P1 , . . . ,  Pr be the ramified 

prime divisors in L /  K and let G1, . . . ,  Gr be their decomposition groups, respec- 

tively Let f~L (0) be the k[G]-module of the semisimple differentials .holomorphie 

of L. Let ~ be the application given in (3). Then 
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(a) k X(ker(~5)) -~ (t),=~ [a/cd ke* 
@~\, k[c/cd,  that is, 

as k[G]-modules, where ke* is the diagonal of  

ke* = _ x ~ , . . . ,  _ ~ c k l c / c ~ l : x ~  

aEG/G1 aEG/G~ i=1 

(b) 

(c) 

Let  c be the minimal  natural number such that  there exists an epimorphism 

ofk[G]-modules p: k[G] r --+ ker (~) and u ~ No such that  f~(0)  (~ -~ k[Cl ~ 
Then 

(5) u = r - 1 - c + r g ,  

and k[a] ~ is the projective k[G]-cover o/ker (~). 
Let  d be the minimal  natural number such that there exists a monomor- 

phism of  k[G]-modules f:  (t)[=~ k[G/C,l k~" " --+ k[G] d" Then c = d, k[C] ~ is 

the injective k[G]-envelope of  (~=~ kit/G,] k~* and there exists a k[G]-exact 

sequence 

(6) o 4  (gL, k[a/cd >k[c]c ,a#/.~,=~.~_.c~j//~rkrc/lx ,o. 
ke* \ ke* ] 

(d) There exists a k[G]-exact sequence 

@~1 k[c/cd 
0-+ 

ke* 
]g[C] r-l+'rK --~ X ( [ - ~ ( 0 ) )  --~ 0. 

(e) X(12~(0))~--k[G]U@~#((~=~kk[G/V'] ) as k[G]-modules, for some u >_ O. 

Proof: 

(a) Since (I) is a k[G]-epimorphism we have the k[G]-exact sequence 

(7) 0 > ker (~) ---+ ~ k[G/Gi] r k ~ 0. 
i=1 

From ([6], Lemmas 3.5, 3.8-iii) and (7) we obtain the k[Gl-exact sequence 

T 

(s) o - - ~  x(k)  ~ ( ~ •  ~ •  ~ O. 
i=1 

From (8) it follows that 

(9) 
r 

N (ker (~))  ~- (~i~1 N (k[G/Gi]) ~ = t~i= 1 k[G/Gi] 
X(k) ke* 
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(b) Follows from (3), (4), Schanuel's Lemma for injective k[G]-modules and the 

Krull-Schmidt-Azumaya Theorem. 

~[__~ k[a/ad We have the k[G]-exact sequence (e) Set T := kc* ' 

(10) O----~T ~ k[G]a---+coker(f)  ~0. 

From (a) and (10) we have the k[G]-exact sequence 

(11) 0 > X(coker(f)) ~ k[a] d ~ ker((I)) ~ 0. 

Since k[a] c is the projective k[G]-cover of ker(q~) it follows that d = c. 

Since (k[G]% p) is the injective k[G]-envelope of T we have that there exists 

a k[G]-exact sequence 

(12) O---+T-- -+k[a]  c ~coker(p) ---~0 

where coker(p) ~ f t#(T) (9 k[G] b for some b _> 0. From (12) we obtain 

(d) 

k[G] c ~_ f t# (T)  (9 k[G] b. 
T 

Since 

we have that b = 0 ([15], Proposition 1). 

From ([6], Lemma 3.8-iii) and (3) we have the k[al-exact sequence 

(13) 0 --+ X (ker ((I))) --+ X(k[GI r- '+rK) -~ X (ft~.(0)) -+ 0. 

From (9) and (13) we obtain the k[G]-exact sequence 

(14) 0----~ 
@L, k[a/ad 

ke* 
- - +  o. 

(e) From (4), (9) and Proposition 5, it follows that, as k[G]-modules, 

1) X (t~}.(0)) ~- k[G] '~ (9 X (ft (ker ((I)))) ~ k[G] u (9 t) # i= Gi . 

Let 

We have 

T 

T := t~i=1 k[G/Gi] ~_ N(ker (q))). 
ke* 
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PROPOSITION 7: Let k[G] c be the injective k[G]-envelope o fT .  Then 

c = dimk ( T a ) .  

Proof: From (6) we obtain the k[G]-exact sequence 

(15) 0 > T v ) (k[G]C) G ---+ (f~# (T) )  G . 

Therefore we obtain a k[G]-monomorphism T a -+ k% It follows that  c' := 

dimk (T  G) <_ dimk (k c) = c and T c ~- k c' C k [ G / .  Therefore there exists a 

k[G]-monomorphism p: T G --+ k[G] ~'. Since k[G] ~' is an injective k[G]-module 

and the inclusion map i: T g -+ T is a k[G]-monomorphism, it follows that  there 

exists "fi: T --+ k[G] c' a k[G]-homomorphism such that p = fi o i. Suppose that  

ker (fi) # 0. Since k is a field of characteristic p, G a p-group and ker (~) a 

k[G]-module we have (ker (~))a # 0 ([10], Theorem 2). However (ker (~))G = 

T g A ker (~) = ker (p) = {0}. Therefore ~fi: T --+ k[G] ~' is a k[G]-monomorphism. 

Since c is minimal it follows that c _< c'. Hence c' = c. II 

If A is a G-module then Hn(G, A) will denote the n- th  c o h o m o l o g y  g r o u p  

of  G w i t h  coeff ic ients  in t h e  m o d u l e  A. 

PROPOSITION 8: Let G be a finite p-group, H1, . . .  , Hr subgroups of G, 

% := ~i~1 k[G/Hi] 
ke* 

For each i 6 El, r], let ~ :-- (gHig -1 [ g E G) be the normal closure of the 

subgroup Hi in G. We set ~I := H~'I ..- H~'~ and let dG/~ be the minimal number 

of generators of the group G /H .  Then dimk(T G) -- dimk (T~ G) = r - 1 + dG/~. 

Proof: For each i E II , r ]  we consider the maps hi: ke* --+ k[G/Hi] with hi(x) ---- 

~-~aeG/g, xa.  Since G acts trivially on ke* we have that (ke*) v ~- ke* and 

H 1 (G, ke*) ~- Horn (G, k). 

Let a* be the application induced by ai on the cohomology groups. 

Let ri: k[G/Hi] --+ k be the k-linear map sending the coset Hi to 1 and all 

other cosets of Hi to 0. Since k[G/Hi] is the induced module Indas~ k, it follows 

from Shapiro's Lemma that  ri together with restriction of operators from G to 

Hi induces an isomorphism S I (G, k[G/Hi]) ~ U 1 (Hi, k) ~- Uom (Hi, k). 

Therefore a* is identified with the homomorphism Horn (G, k) -+ Hom (Hi, k) 

induced by restricting characters from G to Hi. Thus r 6 ker (a~) if and only if 

r is trivial on the subgroup of G generated by the conjugates of H,. 

Thus, we have that  r E ker (a*) r Hi _< ker (r 
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Let r e ker (a*) C_ Horn (G, k). There exists a unique r �9 Hom(G/Hi ,  k) such 
A A 

that ~(gHi) = ~b (g) for all g �9 G. Then, we have the k[G]-isomorphism 

(16) p: ker (a*) --> Hom(G/~Ii, k) such that r --+ ~. 

Let O(G/~Ii) be the Frattini subgroup of G/[Ii. Then 

: dim ( om(  

Now we consider the k[G]-exact sequence, 

(18) 0 ----+ ke* ~ 6 k [ G / H i ]  '~> ~ > 0 
i=1 

where a ( ( x , . . .  , x ) ) =  (h i (x ) , . . . ,  ~ ( x ) ) .  From (18)we obtain 

? .  

(19) ~'> @ H 1 (G, k[G/Hi]) --+ H 1 (V, V )  > ' " .  
i=1 

Therefore from (19) we obtain the exact sequence 

0 ----4 ke* ~o3~ (ke,)r ~o2> 7-a -~t  Hom (G, k) 

r 

(20) '~'> @ g 1 (G, k[G/Hi]) ~ g r (G,'-F~) ~ . . . .  
i = 1  

Hence, we obtain 

(21) 0 ~ ke* ~ (ke*) r ~ "-f~ G ~o, ker (a*) ~ 0. 

It follows that dimk (ker (~1)) = r - 1. Thus we have the k-exact sequence 

(22) 0 - -4  (ke*) r-1 ~ T~ a ~ ker (a*) ---+ 0. 

Since a*(r  = (a;(~b), . . . ,  a*(r we have that 

r 1 4 9  r C e k e r ( a * )  V i E [ 1 , r ] ,  

Hi <_ ker (r V i �9 I1, r], 
<: > H = H~'I . . .  gt~ <_ ker ( r  
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Hence, we have ker (a*) ~ Horn(G/H, k) and dimk (ker (a*)) = da/~.  Finally, 

from (22), we obtain dimk (T~ a) = r - 1 + da/~.  | 

PROPOSITION 9: Let L / K  be a finite Galois p-extension of algebraic function 

fields of one variable with an algebraically closed field k of characteristic p as 

its exact field of constants with Galois group G = Gal (L /K) .  Let H 1 , . . . ,  H~ 

be arbitrary subgroups of G. Reordering the indices and taking conjugates if  

necessary, let 1 < il < i2 < ""  < is-1 < is = r be such that 

H1, . . . ,  Hi1-1 C_ Hi1 

HQ+I, . . . ,  Hi2-1 C Hi2 

Hi~_l+l, . . . ,  Hi~-I C_ H i ~ - - H r  

and such that the subgroups Hi1, Hi2, . . . , Hi~ satisfy the condition that if  for 
1 < j, k < s there exists some g 6 G such that Hg _ _ ,J = gHi~g -1 c Hik, then j = k. 

Let A2 := { i l , i 2 , . . . , i s }  and A1 := I i , r ]  - A 2 .  Then 

~ir : l  k[G/Hi] (~icA2 k[G/Hi] 
ke* ~- ( ~  k[G/Hi] (D ke.A 2 

lEA1 

where 

Proo~ 

ff6G/ i 1 a6G/H, s i6A2 

For each j 6 I1, s] we define the k[a]-monomorphism, 

A;: -+ 

E a , r  ~ E a ,  E 
r r b aC_r 

a6G/H~j 

O', 

where~  E ~ij-1 + 1, i j - 1 ] ,  i0 = 0. We define the following k[G]-homomorphism 

A: ~ k[G/Hi] -+ ~i~=1 k[G/Hi] 
ke* i=l 

by (~1,"" ,~i j ,""  ,~r) --~ (e l , . . .  ,Cr-t,Cr), 

where 
= ;  ~t + At (~ij) i f t E ~ i j _ l + l , i j - l ~ ,  

Ct 
t ~% if t = ij. 
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T A is a k[G]-epimorphism with ker (A) = D C_ ~i=1 k[G/H~] where 

D : = { ( 0 , . . . , 0 ,  E x r  
%b6G/Hq r 2 

~ 6 G / H ,  s 

Professor Alfred Weiss proved that the F[G]-module F[Sj is an indecomposable 
F S  

F[G]-module, where F is an arbitrary field of characteristic p, G a finite p- 

group and S := ~J~l  G/HI with Hi arbitrary subgroups of G satisfying that 

H a = gHig -1 C Hj for some g E G r i = j.  

PROPOSITION 10 (Weiss): Let G be a finite p-group, F a field of characteristic 

p, S a finite set, such that G acts on S, H a subgroup of G acting by restriction 

on S and B an F[G]-module. Then 

(a) The set S := {)~: X is a H-orbit in S} is an F-base of the module (F[S]) g 

and S := {.~ + FS:  X is a H-orbit in S} is an F-generator of the module 
(F[S]) u 

F~ 
(b) We consider the homomorphism of F-algebras 

(~ r EndF[GI(B) --4 EndF /--j-g 

f -+ f.  

Let A := ~b (Endg[a](B)). Then 

A ..~ EndF[a] (B) 

rad(A) - rad (EndF[cl(B)) 

(c) 
where rad(A) denotes the Jacobson radical of A. 

F[S] Then B is an indecomposable F[G]-module if and only if A Let B := FS " 

is a local ring. 

Pro0[' .  

(a) It is clear. 

(b) Since G is a finite p-group and F is a field of characteristic p we have that 

IG is a nilpotent ideal ([9], Lemma 2.21). Therefore there exists s C N such 

that 18 = (0). We have that ker (~b) = { f  6 EndF[c] (B):  f (B)  C l o B }  is 

a nilpotent ideal. Then ker (~b) C_ rad (EndF[al (B)). It follows from ([3], 
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Proposition 5.1) that 

rad (EndF[a](B) ~ _~ rad (EndF[a](B)) 

k, ker(r ] ker(r 

Since r EndF[a] (B) --+ A is an epimorphism we have that  

Hence 
EndF[G] (B) 

ker(r 

rad ( EndF[a] (B) 
ker(r ) 

EndF[a] (B) 
: A .  

ker(r 

,.~ EndF[G] (B) A 

- rad(EndF[v](B))  rad (A) 

(c) We have that  B is a finitely generated F[G]-module. From ([3], Proposition 

6.10) we obtain that B is an indecomposable F[G]-module if and only if 

EndF[a] (B) is a local ring and that EndF[a] (B) is a local ring if and only 

if 
EndF[a] (B) A 

rad (EndF[a] (B)) ~- rad (A) 
A is a division ring. From ([3], Proposition 5.21) we have that  ~ is a 

division ring if and only if A is a local ring. I 

Let G be a finite p-group, H a subgroup of G such that G acts on a finite set 

S and X an H - o r b i t  ove r  S. We say that X is a Weiss  H - o r b i t  o v e r  S if X 

contains some s E S such that the stabilizer G~ satisfies Gs _< H. 

Let X be an H-orbit  over S and let s E S. If Gs = Hs, then Gs C_ H and X 

is a Weiss H-orbit  over S. Conversely, if X is a Weiss H-orbit  over S then there 

exists t E S such that  Gt C_ H. It follows that if g E Gt, then g C H and gt = t. 

Therefore Gt C_ Ht so that G, = Hr. Therefore X is a Weiss H-orbit  over S if 

and only if G~ -- H~ for some s E X if and only if G~ _C H for some s E X. 

Let F be a field of characteristic p and H a subgroup of G. If X is a 

left transversal of H in G and M is an F[G]-module, we consider the map 

Tra/H: M H -~ M a defined by T r a / H ( m  ) = ~g ,  exgim.  

PROPOSITION 11 (Weiss): Let G be a finite p-group, F a field of characteristic 

p, S a finite set such that G acts on S, H a subgroup of G acting by restriction 

on S. Then B := {Tra/H(ff.): X is a Weiss H-orbit} is an F-base of the module 

Tra /H (F[S]H). 

Proof: We consider e E Tra/H (F[S]H). Then 

t t 
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where ri E F and Xi, i E Ii,t~ are the H-orbits over S. Let s E S and let Xi be 

an H-orbit over S such that s E Xi. We have that if H = ~IH~ g~] hills then the 

H-orbit Xi is given by Xi = {his: i C ~ 1, [H : Hs] ]}. From ([6], Lemma 8.3), 

we obtain 

TrG/u(Z i )  : TrG/H TrH/Hs (S) = TrG/Hs (8) : TrG/Gs TrGs/H s (s) 

{ Q ~  i fGs = H s ,  
= TrG/c~ ([Gs: Hs]s) = [G~: H~] Tra/c~ (s )=  0 otherwise, 

where Qs is the G-orbit over S containing s. Therefore 

t n 

= E ri [Gs: H~] Tra/a~ (s) = E r~ T r a / H ( ~  ) 
i=1 i~1  

where the Xi's are Weiss H-orbits over S. Furthermore, we have that  B is an 

F-linearly independent set. Hence B is an F-base of Tra/H (F[S]H). | 

PROPOSITION 12 (Weiss): Let G be a finite p-group, F a field of characteristic 
p and H1, . . . ,  Hr subgroups of G satisfying: 

(23) H~-=gHig  -1 C H j  for s o m e g E G ~ i - - j  

and such that G acts in a natural way on the set S := ~Ji=l G/Hi. Then 

B := F[S] 

is an indeeomposable F[G]-module. 

Proof: Let A := {~. f E Endr[a](B)}, where 

(~ f'e EndF ~ and "f(x + I c B )  = f(x) + IGB. 

From Proposition 10 it follows that  in order to prove the F[G]-indecomposability 

of the module B it suffices to prove that A is a local ring. 

Let vj := It(Hi + FS),  j E ~1, r] where 

B 
~r: B ---~ - -  

IoB 

is the canonical projection. We define the set V := {vj: j ~ l l , r l} .  If g e a we 

have that  (g - 1)(Hi + FS) e IaB.  Therefore 

r(gHj + FS) -- ~r(Hj + FS) = vj Vg e G Vj e il,r~. 
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We have that  V is an F-generator set of the module /--c--g.B Now, if x E F S  then 

x = ~ E (bgj-  b)Hj E IaF[S], 
j = l  g ~ e T ( a / H ~ )  

where T(G/Hj)  is a left transversal of Hj in G. Therefore F S  C_ IaF[S]. The 

application 

p: IGF[S] ~ Iv \ Fs ./ 
n 

i : l  

where xi E IG, Yi E F[S] is an F[Gl-epimorphism and ker(p) ~ FS.  If x E F S  

then 

x=~-'~ E (bgj-b)Hj" 
j = l  9j ET(G/Hs  ) 

Therefore p(x) = 0. Hence F S  C_ ker(p). Conversely, if x E ker(p) then 

p ( x )  = p x i Y i  = x i ( Y i  + F = F S  = O. 
\ i=1 : i=1 

n ~ n It follows that  ~ i=1 xiyi + FS  FS. Therefore ~ i = l  xiyi = x E FS. Hence 

ker(p) = FS .  Then 

IaB TM IaF[S] 
V9 

n We consider now an element x E IaF[S]. We have that x = ~ i=1  xiyi for 

some xi E Iv, Yi E F[S]. Hence 

)5 (24) xiyi = rgg E a%crj = E E ( rgaa~)aj" 
-- a3E G/ H j j = l  a j E G / H j  gEG 

Therefore, for each aj E G/Hj and for each j E I1, r] the coefficients of the 

summand }-~geC (rga~r satisfy ~gearga~j = (~gearg)a~j = 0. Now, 

let alvl + "" + a~vr = 0 be any linear F-combination of the vi equal to zero. 

Therefore 
IaF[S] 

(alH1 + . . .  + arH~) + FS  E laB  TM FS 

From (24) it follows that ai = 0 Vi E ~1, r]. Therefore V is an F-base of B IGB " 

Hence f" is completely determined by its values on the vj and 



Vol. 116, 2 0 0 0  SEMISIMPLE HOLOMORPHIC DIFFERENTIALS 361 

Let xj �9 F[S] be such that f(Hj + FS) = xj + FS. Since f �9 EndF[c](B) 

it follows that  for every g �9 G, gxj + FS = gf(Hj + FS) = f(gHj + FS). 
Therefore, if g �9 Hj we have that f(gHj + FS) = f(Hj + FS) = xj + FS. Hence 

The module F[S]2' 
FS 

Therefore 

F[S]H  
f(Hj + FS) �9 F---~ 

is an F-module generated by the set 

{ 2  + FS:  X is a Hi-orbit  over S } .  

/ \ 
(25) f ( H j §  E aj(X)(X +FS)= ( Z a j (X )X)  + FS, 

X 6 S / H j  \ X6SIH~ / 

where aj (X) �9 F and S/Hj represents the set of Hj-orbits over S. 

Since F S  = S + F S  we have that 

FS=~-~Tra/Hj ( f (Hj+F~))--  Z aj(X)TrG/Hj (2)+F~" 
j = l  j = l  XESIHj  

If X is not a Weiss H-orbit,  from Proposition 11 we obtain that Trc/H j (2) = 
0. Therefore 

(26) ~ E aj(X)Tra/Hj (2) + FS= ~ Z aj(X)Tra/Hj (2) + FS' 
j = l  X 6 S I H j  j = i  X 6 W  

where W is the set of Weiss Hj-orbits over S. Since X is an Hj-orbit  over S, we 

have that  X = {gg'Hi: g �9 Hi} for some i �9 l l , r l .  Since X is a Weiss H-orbit  

over S, it follows that  there exists some xg'Hi �9 X such that Gxg,Hj ~ Hj. We 

have that  G=o,H~ = H~ 9' . Therefore Hi g' C Hi. From Proposition 12 we have 

that  i -- j .  Therefore xg'Hjg'-lx -1 C_ Hi. Since lg'Hjg'-lt = IHjl, it follows 

that  g'Hjg '-1 = Hi. Therefore g' �9 NG (Hi). We have that 

x = {g 'gj: g �9 Hi}  = {gHjg': 9 �9 Hi}  = {9'Hi}.  

Hence 

j=l x6w 

=~-~ E aj({g'Hj})Tra/Hj (g'Hj)§ 
j= l  g'ENG(Hj) 
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Then Y~=I Y~g'eNa(H~)aj({g'Hj})Trc/Hj(g'Hj) e FS. Since TrG/Hj(g'Hj) 
= ~,eG/Hj  zHj, it follows that 

E aj({g'Hj})Tra/Hj (g'Hj) : ~ E E aj({g'Hj})zHj. 
j = l  g'6NG(Hj) j = l  z6G/Hj g'6NG(H3) 

Therefore, the element Y~'=I ~-~-zeC/Hj Y~g'eNc(H~)aj({g'HjI)zHj belongs to 

F~. 
We obtain that the element ~9 'eNa(H~)aj({g 'Hj})  is independent of j .  We 

set 

a(f) := ~ ay({g'Hj)) e F. 
g'6NG(Hj) 

From (25) it follows that 

f (vj)  ( + ) ({g'Hj})Tr(Hj+ FS) = a(f)vj. = 7r E a j (X) (X  FS) = E aj 
X e W  g'6NG(Hj) 

Hence f'(vj) = a(f)vj. That is, f ' is  the multiplication by a(y). Therefore A ~ F.  
| 

PROPOSITION 13: 
let Hi = Gi. Let 

With the conditions and notations of Propositions 8 and 9, 

M: = (~ieA2 k[G/Gi] 
ke *A2 

Then, as k[G]-modules, 

W := f t# (M)  ~ k[G]IA2'-I+dG/H 
M 

and W is an indecomposable k[G]-module. DJrthermore, as k-module we have 
that W ~- k a where 

Icl  + 1-Icl. 
a = Ialda/~ + ~ Ial- lad] 

i6A2 

Proof." From Propositions 1, 9 and 12 we have that M is an indecomposable k[G]- 
module. We have that any injective k[G]-component N of M satisfies N TM k[G] b 
for some b E No. Since JV'(M) = 0, it follows that b = 0 ([15], Proposition 

1). Therefore M ~ M (1). From Proposition 2-(c) we have that D#(M)  is an 

indecomposable k[G]-module. 
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The k[G]-sequence 

(27) 0 > M > k[G]IA21-1+dG/ff > ft # (M) ---+ 0 

is exact (Proposition 6-(c)). The result follows. II 

THEOREM 1: Let L / K be a finite Galois p-extension of algebraic function fields 

of one variable with Galois group G = Gal (L /K)  and field of constants an 

algebraically closed field k of characteristic p. Let Q~L(O) be the k[G]-module 

of the semisimple holomorphic differentials of L. Let P1, . . . , P~ be the ramified 

primes in L / K  and let G1,. . . ,  G~ be their decomposition groups respectively. 

For each i e [1, r I we define C~- := (gCig -1 I g e C) the normal closure of the 

subgroup G~ in G, ff-I := G~'~ .. .  G~'-~ and da /~  the minimal number of generators 

of the group G / ffI. Reordering the indices and taking conjugates if necessary, let 

1<_ il < i2 < .." < i~-l < i~ = r be such that 

G1, . . . ,  G i l - 1  C _ Gil  

Gi l+I ,  . . . ,  Gi2-1 c Gi2 

Gis_~+l, . . . ,  Gi~-l C_ G i s  -~- G r 

and such that satisfy the condition: I f  for 1 <_ j, k < s, there exists some g E G 

such that Gg = gGi~g -1 C Gik , then j = k. Let A2 := { i l , i 2 , . . . , i~}  and 
Z 3 

A1 := [1, r] - A2. Then the modular decomposition in terms of indecomposable 

k[G]-modules of UL(O) is given by 

~L(0) -~ k[V]rK-%J ~ �9 ~ Ic,G, �9 ~(ker(r 
icA1 

where 

x gEG gEa 

dPo is the restriction of �9 on the module  ~ i e m 2  k[G/Gi], where r is as in (3). 
We have that 

k e r ( ~ o ) = { (  ~ a  aaa , . . . ,  E aaa) :  E E a a = O }  ' 
aEG/ q a6G/Gi8 i6A2 a6G/Gi 

ft(ker(q)o)) --- ~(X(M)), where M = ~ i E A 2  k[G/Ci] 
ke*A2 
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aEG/Gq aEG/G~ 

The indecomposable k[G]-module 

a(k (q))) W := er 0 = 

satisfies W -~ k ~ as k-module, where 

P. R. LOPEZ-BAUTISTA AND G. D. VILLA-SALVADOR Isr. J. Math. 

xa) E ~ k[G/Gi]: x c k}.  
icA2 

k[G]lA21-1+dal'~ 

M 

-_lGIdolP,+ ~ OG I IGI~ ~ A :  - la ,  l,' + 1 - I C l .  

Proof'. From Proposition 6-(e) we have that as k[G]-modules 

x(a~ (0)) ~ k[a] u �9 a# (@L-1 k[a/vd t -k-D- J 
for some u > 0. From Propositions 2-(d), 6, 7, 8 and 9 we obtain 

k[G] 
(28) X(a~(0)) ~- k[a]'K-dGJ~ �9 ( ~  k[a/a~-----] e a#(M) '  

iEAl 

Therefore 

k[G] 
•215 ~ X(k[a l 'K-% ~) e •  k[a/ad) m X(a#(M)). 

iEAI 

From the argument used to prove Proposition 6-(a) it follows that N(ker(Oo)) 
M. Therefore, from Proposition 5 and ([6], Lemma 3.5) we have that as 

k[G]-modules 

(29) X(a#(M)) ~ x(ae(x(ker(~0))))  = X(X(a(ker(~50)))) ~ a(ker(~0)). 

From Propositions 2-(d), 5 we have that 

( klal 
x \ k{a/ad) ~ a ( x ( k [ a / a d ) )  ~ a(k[a/ad). 

From [16] and [17] we have that Iv,m, ~- a(k[a/ad) and that IG,a, is an 

indeeomposable k[G]-module. 
From ([6], Corollary 3.4, Lemmas 3.5,3.6), (2s) and (29) we obtain that 

fl~(O) ~ k[G] "K-dci'~ ~b ~ Ia,a, | fl(ker(e0)). 
lEA1 

Finally, from Propositions 1, 12, 13 and ([6], Lemma 3.5) we have that the 
k[G]-module X(ft # (M)) -~ fl(ker(r is an indeeomposable k[Gl-module. | 
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